We introduce the new notion of ε-graded associative algebras which takes its root into the notion of commutation factors introduced in the context of ε-graded Lie algebras [1] . We define and study the associated notion of ε-derivation-based differential calculus, which generalizes the derivation-based calculus on associative algebras. A corresponding notion of noncommutative connection is also defined. We illustrate these considerations with the examples of ε-graded matrix algebras. Finally, we apply this formalism to a graded version of the Moyal algebra, for which we recover the recently constructed candidate for a renormalizable gauge action on Moyal space supplemented by terms built from a scalar field and a 2-covariant symmetric tensor field.
Introduction
Noncommutative geometry finds its origins in the fact that a topological space can be equivalently described by the algebra of its continuous functions, which is a commutative C * -algebra. The noncommutative C * -algebras would then correspond to some "noncommutative topological spaces". This correspondence also takes place in measure theory and in differential geometry, which gives rise to noncommutative geometry [2] . This in particular has led in physics to theories describing the standard model of particle physics [3] coupled to gravitation, and others as candidates for new physics beyond the standard model. Among all the noncommutative spaces that has been considered from a physical point of view, the Moyal space [4, 5] is one of the simplest one, and field theories based on this space [6] have known in the past few years an increasing of interest (for a review, see [7] ), for themselves and for some relation to a limiting regime of string theory [8] .
However, the simplest extension of Yang-Mills theory on the Euclidean Moyal space has UV/IR mixing [9] , spoiling renormalizability. A recent attempt to extend the solution to the UV/IR mixing problem of scalar (ϕ 4 ) theories on Moyal space proposed in [10] was carried out in [11, 12] , giving rise to a gauge invariant action involving new terms beyond the expected noncommutative analog of the Yang-Mills term. This action does not admit a trivial vacuum, as shown in [13] , which complicates its study. Non trivial vacua also appear in scalar models [14] . For other noncommutative renomalizable matter models on Moyal space, see e. g. [15, 16, 17] . For a field theory defined on a deformation of a curved space, see [18] . One of the most intriguing question about this result is to ask from which mathematical structure the above gauge action can be understood. This actually motivates our further study of differential calculus for ε-graded algebras.
While the spectral triple approach [2] is actually a natural way to construct noncommutative extension of differential calculus and is intensively studied presently, the differential calculus based on the derivations of an associative algebra provides another (no so widely explored) way to produce noncommutative differential calculus. The differential calculus based on the derivations of an associative noncommutative algebra has been introduced in [19] (see also [20, 21] ). Besides, further developments with possible applications to the construction of noncommutative versions of Yang-Mills-Higgs type models have been carried out in [22, 23] for the algebra of matrixvalued functions and in [24, 25, 26] . Extensions of the definition of this particular differential calculus have been given for other classes of algebras, as in [27] and [28] where some graded algebras have been considered.
In this paper, we will present a more general situation, based on the new notion of ε-graded associative algebra. An ε-graded algebra, as it is defined here, is an associative algebra, endowed with a commutation factor ε, which associates canonically to this algebra a structure of generalized Lie algebra [29] or ε-Lie algebra [1] . In this paper, we generalize the defining features of the differential calculus based on derivations of an associative algebra to the case of ε-graded algebras and their ε-derivations. We show in particular that the differential calculus based on ε-derivations of an ε-graded associative algebra is a general and natural framework including all the works mentioned above.
Note that a change of the differential calculus underlying a field theory can produce very different gauge fields theories, as have been shown for instance in the case of the Moyal space in [30] . Nevertheless, in this latter case, the usual definition of the derivation-based differential calculus was maintained. Finally, let us stress the relevance of this new framework of ε-graded algebras for differential calculi, as it will be underlined in forthcoming papers in which we will consider other examples than the elementary-graded matrix algebra and the Moyal case, presented here.
The paper is organized as follows. In section 2, we introduce the notion of an ε-graded algebra and its ε-derivations, and then we construct the differential calculus based on ε-derivations and its theory of (noncommutative) ε-connections. As an illustration, we apply this formalism in section 3 to the matrix algebra endowed with an elementary grading, which produces interesting examples of ε-graded algebras. We study the general properties of these ε-graded matrix algebras, their differential calculus and their space of ε-connections. Section 4 is related to the case of the Moyal algebra. An ε-graded algebra is constructed from the Moyal space. We find that classical actions built from the square of the corresponding curvature involve the recently constructed candidate for a renormalizable gauge action on Moyal space [11, 12] with additional terms built from a scalar field and a 2-covariant symmetric tensor field. A part of these terms can be interpreted as a Grosse-Wulkenhaar scalar model with harmonic term [10] coupled to a gauge potential, supplemented by a so called Slavnov term [31] .
2 Noncommutative geometry based on ε-derivations
ε-graded associative algebras
Let K be a field, K * its multiplicative group, and Γ an abelian group. Definition 2.1 (Commutation factor [1] ) A commutation factor on Γ over K is a map ε :
Note that as trivial consequences, one has the following useful relations, ∀i, j ∈ Γ:
A very simple and well-known example of such structure concerns the case Γ = Z for which ε(p, q) = (−1) pq is a commutation factor. In fact, from a general result which will be mentioned later on, this is the only non trivial commutation factor on Z, the trivial one being ε(p, q) = 1. We will call this non trivial commutation factor the natural one on Z.
Lemma 2.2 Let ε 1 and ε 2 be two commutation factors respectively on the abelian groups Γ 1 and Γ 2 , over the same field K. Then the relation
∀i 1 , j 1 ∈ Γ 1 and ∀i 2 , j 2 ∈ Γ 2 , defines a commutation factor on the abelian group
This notion of commutation factors has been introduced in the context of graded Lie algebras and gives rise to the following definition: Definition 2.3 (ε-Lie algebra, [1] ) Let g • be a Γ-graded vector space, ε a commutation factor on Γ, and
An ε-Lie algebra for which the product [−, −] ε is always 0 will be called an abelian ε-Lie algebra.
In this paper, we introduce the following new notion: Definition 2.4 (ε-graded associative algebra) Let A • be an associative unital Γ-graded K-algebra, endowed with a commutation factor ε on Γ, then (A • , ε) will be called an ε-graded (associative) algebra.
Notice that the ε-structure is only related to the algebra A • through the grading abelian group Γ. In particular, the product in the algebra is not connected to this structure. In the following, such an ε-graded (associative) algebra will be denoted simply by A • ε or even A • if no confusion arises.
Any Z-graded associative algebra is an ε-graded associative algebra for the natural commutation factor on Z, so that the theory described below can be applied to any Z-graded (associative) algebra.
Remark 2.5 Using Lemma 2.2, if A •,• is an associative unital Γ 1 × Γ 2 -bigraded K-algebra equipped with two commutation factors ε 1 and ε 2 for the two gradings separately, then it is also a ε-graded algebra for the product grading Γ 1 × Γ 2 with ε defined by (2.2).
If A • is an ε-graded algebra, one can construct its underlying ε-Lie algebra using the bracket defined by
∀a, b ∈ A • homogeneous. We will denote by A • Lie,ε this structure.
Definition 2.6 (ε-graded commutative algebra) A • ε is called an ε-graded commutative algebra if A • Lie,ε is an abelian ε-Lie algebra.
For the case of Z-graded algebras, depending on the commutation factor, one gets as ε-graded commutative algebras either commutative and graded algebras (for the trivial commutation factor) or graded commutative algebras (for the natural commutation factor).
Depending of the choice of the ε-structure on a Γ-graded algebra, this ε-center can be very different.
Let us now mention some elementary constructions using ε-graded algebras. Let A • and B • be two ε-graded algebras with the same commutation factor ε.
A morphism of ε-graded algebras is defined to be a morphism of associative unital Γ-graded algebras χ : A • → B • . As a consequence, χ is also a morphism of ε-Lie algebras between A • Lie,ε and B • Lie,ε . The tensor product of the two ε-graded algebras A • and B • is the ε-graded algebra defined as the Γ-graded vector space (A ⊗ B) • for the total grading, equipped with the product given by
∀a, c ∈ A • and ∀b, d ∈ B • homogeneous. An ε-trace on A • is a linear map T : A → K, which satisfies
The structure of module compatible with an ε-graded algebra A • is simply the structure of Γ-graded module. M
• is a Γ-graded module on A • if it is a Γ-graded vector space and a module on A • such that M i A j ⊂ M i+j (for right modules) ∀i, j ∈ Γ. The space of homomorphisms of M
• is an ε-graded algebra and will be denoted by Hom
Let us now introduce the key object which will permit us to introduce a differential calculus adapted to this situation. Definition 2.8 (ε-derivations) An ε-derivation on the ε-graded algebra A • is a linear map X : A • → A • such that, if X is homogeneous (as map of graded spaces) of degree |X| ∈ Γ,
∀a, b ∈ A with a homogeneous. We denote by Der
Notice that this definition makes explicit reference to the ε-structure, so that Der
Proposition 2.9 (Structure of Der
It is also a Z • ε (A)-bimodule for the product structure (z·X)(a) = ε(|z|, |X|)(X·z)(a) = z·(X(a)), (2.10)
Notice that the left and right module structures are equivalent modulo the factor ε(|z|, |X|). So that we will mention it as a module structure, not as a bimodule one. In order to take into account this extra factor, it would be convenient to introduce the notion of ε-central bimodule, as a straightforward adaptation of the notion of central bimodule defined in [20] and [32] . We will not go further in this direction here.
As usual, an inner ε-derivation on A • is an ε-derivation which can be written as
for an a ∈ A • . We denote by Int
the space of inner ε-derivations on A • .
Proposition 2.10 Int
• ε (A) is an ε-Lie ideal and a Z • ε (A)-module. This permits one to define the quotient
as an ε-Lie algebra and a Z • ε (A)-module. This is the space of outer ε-derivations on A • . From these considerations, one then gets the two short exact sequences of ε-Lie algebras and Z • ε (A)-modules:
It is possible to define the notion of ε-derivations on A • taking values in a bimodule. We will not make use of it in the following.
In the rest of this subsection, all the linear structures will take place over the field K = C. Let us now take a look at the notion of involution in this framework. In order to do that, one has to further constrain the notion of commutation factors, which we require to satisfy to the hermitean condition
Definition 2.11 (Involution, unitarity and reality) An involution on an ε-graded algebra
The unitary group of A • associated to * is defined and denoted by
An ε-derivation decomposed in its homogeneous elements as X = k∈Γ X k , where
Finally, a hermitean structure on a right A • -module M • is a sesquilinear form −, − :
Remark 2.12 (Involution and ε-structure) Notice that the definition of the involution as it is given by (2.11) does not make direct reference to the ε-structure, as well as the hermitean structure defined by (2.12). In Section 3, some examples of ε-graded matrix algebras are exposed, for which the usual involution is compatible with the present definition. An other natural definition of the involution can be considered, where an explicit reference to ε appears in the second relation in (2.11) and in the two relations in (2.12).
These two possible notions of involutions and hermitean structures will be described in more details, with examples, in forthcoming papers.
The differential calculus based on ε-derivations
The derivation-based differential calculus has been introduced in [19] , [20] and [32] . It has been studied for various algebras in [22, 23, 33, 34, 24, 25, 35, 30] (see [36] , [21] , [26] and [37] for reviews) and some propositions to generalize this construction to graded algebras have been presented for instance in [27, 28] .
In the notations of the last subsection, let A • be an ε-graded algebra and M
• a right A • -module. In this subsection, we introduce the differential calculus based on the ε-derivations of A • which generalizes the derivation-based differential calculus mentioned above, in a direction similar to the one proposed in [28] and already suggested in [34] . Definition 2.13 For n ∈ N and k ∈ Γ, let Ω n,k ε (A, M ) be the space of n-linear maps ω from (Der
and Ω 0,k
where X·z was defined by (2.10).
From this definition, it follows that the vector space Ω
In the case M • = A • , we will use the notation Ω
14 Endowed with the following product and differential, Ω
and the differential is
where the factors f i are given by
.
is an ε-graded algebra for the abelian group Γ = Z × Γ and the commutation factor
where f 1 is still the one given above.
Proof It is a straightforward calculation to check that (2.14) and (2.15) are compatible and turning Ω
•,• ε (A) into a Γ-graded differential algebra, in the same way that (2.16) turns Ω
ε (A)-module. Then, Lemma 2.2 and Remark 2.5 give the end of the proposition.
Remark 2.15 (Notion of Γ-graded differential algebra)
In the previous Proposition, we made use of the terminology " Γ-graded differential algebra", or more simply "differential algebra", without defining precisely these notions. In this case, the meaning is obviously to denote the differential d in the Z-direction on the Γ-graded algebra, which satisfies to the following properties: it is an ε-derivation of degree (1, 0) such that d 2 = 0. It could be convenient and desirable to define a good notion of ε-graded differential algebra in general. In order to do that, one starts with an ε-graded associative algebra A • and an associated differential d which is an ε-derivation whose square is zero. But the degree of this differential is difficult to constrain as "minimal" in some "direction" in the associated grading group Γ, except for special situations, as the ones where this group is freely generated by a finite number of generators. In these cases, a differential could be required to have as degree one of these generators. Then, there could be as many differentials as there are generators, a situation very similar to the one for usual bigraded algebras (Γ = Z × Z).
In low degrees (in the Z part), the expression of the differential takes the following form,
One has to be aware of the fact that even if the ε-Lie algebra of derivations is finite dimensional, the vector space Ω
•,• ε (A) can be infinite dimensional. For instance, this is indeed the case for Example 3.13, where the symmetric part of this differential calculus amounts to an infinite dimensional part.
Proof This is a straightforward computation. ε (A|g) associated to g • is defined as the space of n-linear maps ω from (g • ) n to A • satisfying to the axioms (2.13), with the above product (2.14) and differential (2.15) . It is also a Γ-graded differential algebra.
19)
which makes it into an ε-derivation of Ω Then, the following properties are satisfied, ∀X, Y ∈ g • homogeneous,
(A) and ∀X, Y, X 1 , . . . , X n−2 ∈ g • homogeneous, one has: 21) due to the definition of i X (2.18) and of the product (2.14). Then, the third axiom of (2.13) implies:
By a long but straightforward calculation, using (2.15) and (2.
Finally, the above results permit one to show that
ε-connections
Let us now generalize the notion of noncommutative connections [22, 23, 24, 21, 26] and gauge theory to this framework of ε-graded algebras. Let M • be a right module on the ε-graded algebra A • . Definition 2.19 (ε-connections) An homogeneous linear map of degree 0,
Proposition 2.20 Let ∇ be an ε-connection on M • . Then, it can be extended as a linear map
where the factors f i are given by:
Then ∇ satisfies the following relation, ∀ω ∈ Ω p,|ω| ε
The obstruction for ∇ to be an homomorphism of right A • -module is measured by its curvature R = ∇ 2 , homogeneous linear map of degree 0, which takes the following form, ∀m ∈ M
• , ∀X, Y ∈ Der
Proof The formula (2.26) is inspired by the formula (2.15) in order that the definition of this extension is well defined. Proving (2.27) is therefore like proving that d is an ε-derivation of degree (1, 0) in the proposition 2.14, it is a long but straightforward computation.
Proposition 2.21
The space of all ε-connections on M • is an affine space modeled on the vector space Hom
. Furthermore, the curvature R associated to an ε-connection ∇ is a homomorphism of right A • -modules.
Proof Let ∇ and ∇ be two ε-connections, and Ψ = ∇ − ∇ . Then, ∀a ∈ A • and ∀m ∈ M
• ,
). In the same way, from R = ∇ 2 , using (2.25) and (2.27), one obtains: Each gauge transformation Φ is extended to an automorphism of degree (0, 0) of Ω
The gauge group of M • acts on the space of its ε-connections in the following way: for Φ ∈ Aut 0 A (M , M ) and ∇ an ε-connection,
is again an ε-connection. The induced action of Φ on the associated curvature is given by
And since |Φ| = |Φ −1 | = 0, ∇ Φ is homogeneous of degree 0. The proof is trivial for
Let A • be an ε-graded involutive (C-)algebra, and M • a right A • -module with a hermitean structure.
A gauge transformation Φ is called
• homogeneous and ∀X = k∈Γ X k a real ε-derivation decomposed in homogeneous components,
where
Then, the space of hermitean ε-connections on M • is stable under the group of unitary gauge transformations.
Proof Let Φ be a unitary gauge transformation, ∇ an hermitean ε-connection, X = k∈Γ X k a real ε-derivation, and m, n ∈ M
• . Then,
3 Some examples of ε-graded algebras
The aim of this section is to illustrate the previous definitions with some results for particular commutation factors and ε-graded matrix algebras. Matrix algebras are very interesting as examples of the previous considerations for the following reasons. First, the ordinary derivation-based differential calculus is very well known now (see [19, 22, 34] ), so that comparisons are possible with the new construction performed here. Second, the possible gradings of the matrix algebras have been extensively described in [38] , so that it is possible to look at them in general.
Nevertheless, the examples given below will only focus on some aspects of these general considerations. In particular, we will restrict ourselves to elementary gradings and then to the case when the abelian group Γ is freely generated by a finite number of generators.
ε-graded matrix algebras with elementary grading
Let Γ be an abelian group and A = M(D) the algebra of D × D complex matrices, such that A is a Γ-graded algebra:
Let (E ij ) 1≤i,j≤D be the canonical basis of A • , whose product is as usual
Definition 3.1 (Elementary grading [38] ) The grading (3.1) is called elementary if there exists a map ϕ : {1, . . . , D} → Γ such that ∀i, j ∈ {1, . . . , D}, E ij is homogeneous of degree
From now on, we suppose that the grading (3.1) is elementary. Then, one can check that the usual conjugation is an involution for A • . Furthermore, A • can be characterized by the following result:
, with an elementary Γ-grading, is isomorphic, as a Γ-graded algebra, to the endomorphism algebra of some D-dimensional Γ-graded vector space.
More general gradings on A have been classified in [38] .
Let ε : Γ × Γ → C * be a commutation factor, which turns the elementary Γ-graded involutive algebra A • into an ε-graded algebra. 
Then, due to (3.2), we immediately get, ∀k, l ∈ {1, . . . , D},
For i = k and j = l, we get a ik = 0, and for i = k and j = l, a ii = a jj . This means that A ∈ C1l.
Proposition 3.4 (ε-traces) For any A = (a ij ) ∈ A • , the expression
defines a real ε-trace on A • . Moreover, the space of ε-traces on A • is one-dimensional.
Then, with i = l and j = k, one gets T (E il ) = 0. On the other hand, with i = l and j = k, one has
. So Tr ε is an ε-trace on A • and there exists λ ∈ C such that T = λ Tr ε .
In the following, we will denote by sl
• ε (D) the ε-Lie subalgebra of A • of ε-traceless elements. Proposition 3.5 All the ε-derivations of A • are inner:
Moreover, the space of real ε-derivations of A • is isomorphic to the space of antihermitean matrices.
Proof Let X ∈ Der
• ε (A) homogeneous, decomposed on the basis as X(
where |X| is the degree of X. Then, due to (2.9), we have, ∀i, j, k, l,
Using (3.2), this can be written as
For b = l, and by changing some indices, we obtain, ∀i, j, k, l, a,
On the other hand, let us define
• for an arbitrary a. Then, using (3.2), we find
, and X is an inner derivation generated by M X .
The statement about reality can be checked easily.
Differential calculus and ε-connections on ε-graded matrix algebras
In this subsection, we describe the differential calculus based on ε-derivations for a certain class of ε-graded matrix algebras with elementary grading. In order to do that, we introduce the following algebra, which is the equivalent of the exterior algebra in the present framework.
Definition 3.6 (ε-exterior algebra) Let V • be a Γ-graded vector space and ε a commutation factor on Γ. One defines the ε-exterior algebra on V • , denoted by
• ε V • , as the tensor algebra of V • quotiented by the ideal generated by
• homogeneous}.
• ε V • is a (Z × Γ)-graded algebra, and it is easy to show that one has the following factor decomposition
where • V α is the exterior algebra of V α and S • V α is the symmetric algebra.
Let ε be a commutation factor on an abelian group Γ, g • an ε-Lie algebra for this commutation factor and V • a Γ-graded vector space of representation of g • . Let us introduce the (Z × Γ)-graded vector space Ω
∀ω ∈ Ω p,|ω| ε (g, V ) and ∀X 1 , . . . , X p+1 ∈ g • homogeneous, where
Moreover, in the case where V • is an ε-graded algebra and g • = V • Lie,ε is its associated ε-Lie algebra, acting by the adjoint representation on
, and ∀X 1 , . . . , X p+q ∈ g • homogeneous, where
Proof The product (3.15) and the differential (3.14) are formally the same as the product (2.14) and the differential (2.15).
This permits one to show the following Theorem, which gives the structure of the ε-derivationbased differential calculus on a certain class of ε-graded matrix algebras for elementary gradings. 
Then:
• The adjoint representation ad : sl
is an isomorphism of ε-Lie algebras.
• Let ad * : Ω
ε (A) be the push-forward of ad and let (E i ) be a basis of A • . Then, for any ω ∈ Ω k,• ε (sl ε (D), A), one has the relation:
(3.17)
• ad * is an isomorphism of (Z × Γ)-graded differential algebras.
Proof Since sl ε (D) ∩ Z ε (A) = 0, by Proposition 3.3 and using the condition (3.16), the kernel of the surjective map ad : sl
is trivial, so that it is an isomorphism of vector spaces. Due to the ε-Jacobi identity (2.4), one has ∀a,
is an isomorphism of ε-Lie algebras. Equation (3.17) is then a trivial consequence of this isomorphism. Let us stress that sl ε (D) is only a subalgebra of the associated ε-Lie algebra of A • , but the result of Proposition 3.7 generalizes to this case, so that Ω
It is straightforward to see that ad * is a morphism of (Z × Γ)-graded differential algebras. Indeed, the products and the differentials have the same formal definitions, respectively (2.14) and (3.15), (2.15) and (3.14), for the two complexes Ω 
. . , i k is zero. Therefore, ad * is surjective, and it is an isomorphism of bigraded differential algebras.
Let us notice that there exist some examples of ε-graded matrix algebras for which the condition (3.16) is not satisfied (see Example 3.13 below with m = n).
Let us now describe explicitely the space of ε-connections.
Proposition 3.9
The space of ε-connections on A • , considered as a module over itself, is an affine space modeled on the vector space 18) and containing the (trivial) ε-connection d. Moreover, ad −1 can be seen as a 1-form, and d + ad −1 defines a gauge invariant ε-connection.
On the other hand, ad The noncommutative 1-form ad −1 defined here is the exact analog of the noncommutative 1-form iθ defined in the context of the derivation-based differential calculus on the matrix algebra, and it gives rise also to a gauge invariant connection. This shows that some of the results obtained in the non-graded case remains valid in this new context. But one has to be careful that the condition (3.16) has to be fulfilled.
Commutation factors on freely finitely generated abelian groups
Following [1] , when the abelian group Γ is freely generated by a finite number of generators, its possible associated commutation factors can be written in a standard form, which permits one to better characterize them. Proposition 3.10 Let Γ be an abelian group freely generated by a finite number of generators {e r } r∈I . Then a general commutation factor on Γ over K = C is given by, ∀i = r∈I λ r e r , ∀j = s∈I µ s e s ∈ Γ (λ r , µ s ∈ Z),
ε(e r , e s ) λrµs , (3.19) with the following condition: ∀r, s ∈ I, ε(e r , e r ) 2 = 1.
If, in addition, there exists r ∈ I and λ r ∈ Z such that λ r e r = 0, then ∀s ∈ I, ε(e r , e s ) λr = ε(e s , e r ) λr = 1.
If ε is required to satisfy the hermitean condition, then |ε(e r , e s )| = 1.
Proof Using (2.1), with the decompositions i = r∈I λ r e r = 0 and j = s∈I µ s e s = 0, one immediately gets
ε(e r , e s ) λrµs . 
In the next subsection, we will consider for instance the solutions ε(i, j) = (−1) i 1 j 1 +i 2 j 2 and ε(i, j) = (−1) i 1 j 2 −i 2 j 1 .
Concrete examples of ε-graded matrix algebras
In this subsection, we give concrete example of ε-graded matrix algebras in the case when the abelian group Γ is freely generated by a finite number of generators {e r } r∈I , and when ε is a commutation factor on Γ over K = C We first recall the definitions given in [29] of color algebras and superalgebras. If, ∀r ∈ I, ε(e r , e r ) = 1, then the ε-graded algebra A • is called a color algebra. Otherwise, it is a color superalgebra.
In the following examples, we will consider three gradings: the trivial case Γ = 0, the usual case Γ = Z 2 , and a third case Γ = Z 2 ×Z 2 . Proposition 3.10 determines the possible commutation factors for theses groups, and they have been given in Example 3.11 for the two latter groups.
Example 3.12 (Γ = 0) We consider here the trivial grading Γ = 0 on the matrix algebra A = M(n), so that the commutation factor is also trivial: ε(i, j) = 1. The ε-commutator [−, −] ε and the trace Tr ε are the usual non-graded ones for matrices. The ε-center and the ε-derivations of this ε-graded algebra are given by: Z ε (A) = C1l and Der ε (A) = Int ε (A) = sl n , the usual Lie algebra of traceless matrices. The ε-derivation-based differential calculus coincides with the (usual) derivation-based differential calculus studied in [19, 22, 34] :
It is finite-dimensional and its cohomology is:
the algebra of invariant elements for the natural Lie derivative.
Example 3.13 (Γ = Z 2 ) Consider now the case Γ = Z 2 , with the usual commutation factor ε(i, j) = (−1) ij , and the matrix superalgebra A • = M(m, n). This superalgebra is represented by (m + n) × (m + n) matrices:
where M 11 , M 12 , M 21 and M 22 are respectively m×m, m×n, n×m and n×n (complex) matrices. The Z 2 -grading is defined such that M 11 and M 22 correspond to degree 0 ∈ Z 2 , whereas M 12 and M 22 are in degree 1 ∈ Z 2 , so that this grading is elementary. Using Proposition 3.4, we find that
is an ε-trace, Z • ε (A) = C1l and Der
. Notice that when m = n, one has Tr ε (1l) = 0, so that condition (3.16) is not satisfied. If m = n, one can suppose, by convention, that m > n. In that case, Tr ε (1l) = 0, and using Theorem 3.8, one gets
and the associated differential calculus based on these superderivations is given by:
Note that it involves the symmetric algebra of the odd part of sl
is finite dimensional. This is a key difference with the non-graded case (see Example 3.12). The cohomology of (3.27) has been computed in [28] and is given by:
This is exactly the cohomology of the (non-graded) Lie algebra sl m .
Example 3.14 (Γ = Z 2 × Z 2 ) Let us now consider the case of Γ = Z 2 × Z 2 gradings, with the commutation factor ε(i, j) = (−1) i 1 j 2 +i 2 j 1 . Let A • = M(m, n, r, s) be the ε-graded algebra of (m + n + r + s) × (m + n + r + s) matrices defined as follow: any element in A • is written as: (1, 1) . This is an elementary grading, A • is a color algebra in the sense of [29] , and is therefore a less trivial example of ε-graded algebra than the usual matrix algebra or the super matrix algebra described in Examples 3.12 and 3.13.
is an ε-trace, and Z • ε (A) = C1l and Der
Example 3.15 (Γ = Z 2 × Z 2 ) Consider the same grading group Γ on the same algebra A • as in Example 3.14, but with a different commutation factor: ε(i, j) = (−1) i 1 j 1 +i 2 j 2 . A • is then a color superalgebra but not a color algebra (here ε((1, 0), (1, 0)) = −1). General results lead us to the ε-trace, 31) and one has Z • ε (A) = C1l, Der
The explicit computation of the commutators [−, −] ε for the ε-Lie algebras of ε-derivations are not given here because they give rise to cumbersome expressions. Nevertheless, let us mention that they are different for the four above cases, and therefore the ε-Lie algebras of ε-derivations, Der 
Application to the Moyal case
In this section, we present a direct application of the general framework described above to a graded version of the Moyal algebra. We find that classical actions built from the square of the corresponding curvature involve the recently constructed candidate for a renormalizable gauge action on Moyal space [11] , [12] with additional terms built from a scalar field and a 2-covariant symmetric tensor field. A part of these terms can be interpreted as a Grosse-Wulkenhaar scalar model with harmonic term [10] coupled to a gauge potential, supplemented by a so called Slavnov term [31] . As the present grading mimics a (kind of) Langmann-Szabo duality symmetry [39] that seems to play an important role in the renormalizability of the Grosse-Wulkenhaar model, the analysis suggests a possible relationship between this latter model and some gauge theory model defined on a "graded" Moyal-space.
General properties of the Moyal algebra
Here, we collect the main properties of the Moyal algebra which will be used in the subsequent discussion. For more details, see e.g [4, 5] . Let S ≡ S(R D ) with even dimension D and S be respectively the space of complex-valued Schwartz functions on R D and its topological dual, the space of tempered distributions on R D . Consider a symplectic structure on R D , represented by an invertible skew-symmetric D × D matrix J, and Θ = θJ, where the positive parameter θ has mass dimension −2. The Moyal product associated to Θ can be conveniently defined on S × S by: ∀a, b ∈ S,
such that (a b) ∈ S, where Θ.k ≡ Θ µν k ν . The product (4.1) can be further extended to S × S upon using duality of linear spaces: T a, b = T, a b , ∀T ∈ S , ∀a, b ∈ S. In a similar way, (4.1) can be extended to S × S . Owing to the smoothening properties of (4.1) together with the tracial identity
, where the symbol "." denotes the (commutative) usual pointwise product, it can be shown that T a and a T are smooth functions [4, 5] . The Moyal algebra M θ is then defined as
where L (resp. R) is the subspace of S whose multiplication from right (resp. left) by any Schwartz function is a subspace of S.
(M θ , , † ) is a unital involutive algebra which involves in particular the "coordinate" functions x µ satisfying the relation defined on M θ :
where we set [a, b] = a b − b a and {a, b} = a b + b a. Defining x µ = 2Θ −1 µν x ν , other relevant properties of the -product that hold on M θ and will be used in the following are:
An ε-graded algebra constructed from Moyal space
In this subsection, we construct an ε-graded algebra A • (here a superalgebra) from the Moyal algebra M θ . We also study its ε-center and exhibit a particular ε-Lie subalgebra g • of its inner derivations. From these considerations, we find as a classical scalar action the quadratic part of the renormalizable Grosse-Wulkenhaar model [10] . 
where α is a real parameter. Finally, for i, j ∈ Z 2 , define the usual commutation factor: ε(i, j) = (−1) ij .
Proposition 4.2
The vector space A • , endowed with the product (4.5) and the commutation factor ε, is an ε-graded algebra. The bracket of its associated ε-Lie algebra (which is a superalgebra) has the following expression:
Proof In the same way, distributivity and the other axioms are verified. Notice that 1l = (1, 0) is the unit element of this algebra.
Since the center of the Moyal algebra is trivial (Z(M θ ) = C), we find the ε-center of A • :
Furthermore, a (non-graded) trace of this algebra is given by:
Let us now define the following objects γ = 1, ξ µ = − 1 2 x µ and η µν = 1 2 x µ x ν = 2ξ µ ξ ν , and give some calculation rules:
Consequently, the usual derivations of the Moyal algebra ∂ µ can be expressed in terms of ξ µ .
Proposition 4.3 Then, ad (0,iγ) , ad (iξµ,0) , ad (0,iξµ) and ad (iηµν ,0) are real ε-derivations of A • of respective degrees 1, 0, 1 and 0. Moreover, the vector space g • generated by these ε-derivations is an ε-Lie subalgebra of Der Proof The following relations, computed from (4.10),
Notice that the vector space generated only by ad (iξµ,0) and ad (0,iξµ) is not an ε-Lie subalgebra. Indeed, g • is the smallest subalgebra of Der
• ε (A) involving ad (iξµ,0) and ad (0,iξµ) . After some computations, one obtains: ∀φ ∈ M θ real,
where |a| 2 = a * ·a ∈ A • and if we impose φ 0 = φ 1 = φ. Setting Ω 2 = α 2 1+2α and m 2 = 4α 2 θ(1+2α) , we find that the latter expression is the quadratic part of the Grosse-Wulkenhaar action with harmonic term [10] , which has been proven to be renormalizable to all orders in perturbation [10, 40, 41] . This stems to the fact that this graduation of Moyal mimics the LangmannSzabo duality [39] that seems to play an important role in the renormalizability of this model. Indeed, the Langmann-Szabo duality (∂ µ x µ ) can be related to (i[ξ µ , .] {ξ µ , .} ) or to ((iξ µ , 0) (0, iξ µ )) thanks to the following relations
and further assuming φ 0 = φ 1 = φ. Moreover, the previous formalism, contrary to the usual (∂ µ x µ ) symmetry, can also be applied for gauge theory as we will see in the next section.
ε-connections for this ε-graded algebra
Let us consider the differential calculus Ω
•,• ε (A|g) and apply the subsection 2.3 for the module M • = A • , with the hermitian structure a, b = a * ·b, ∀a, b ∈ A • . We describe here the ε-connections and their curvatures in terms of the gauge potentials and the covariant coordinates we introduce. We also look at the action of gauge transformations on such objects. Finally, we recover the recently constructed candidate for a renormalizable noncommutative gauge theory as an action built from the curvature presented in this subsection.
Then, the ε-connection ∇ takes the form: ∀X ∈ Der
14)
where ∇ X a = ε(|X|, |a|)∇(a)(X). Defining F X,Y ·a = iε(|X| + |Y|, |a|)R(a)(X, Y), we obtain the curvature: ∀X, Y ∈ Der
The curvature simplifies as:
we find:
Therefore, we set:
The associated curvature can then be expressed as:
where we have suppressed the ad in the indices of F to simplify the notations. Note that for dimensional consistency, one has to consider i √ θη µν rather than iη µν in the action, i √ θ γ rather than iγ, and to rescale conveniently the fields ϕ and G µν . 
Proposition 4.6 In this (graded) Moyal case, there exists a form A inv ∈ Ω 1,0
Moreover, the ε-connection ∇ inv canonically associated to A inv is gauge invariant: (A inv X ) g = A inv X , and the covariant coordinate associated to any ε-connection: A X = A X −A inv X is gauge covariant.
Proof Let us define
We see that for a ∈ {(0, iγ),
In function of the covariant coordinates
the curvature takes the new form: We now identify A 0 µ = A 1 µ = A µ for the computation of the action. This can be done because they have the same gauge transformations (4.25b) and (4.25c). Taking for the moment G µν = 0 and Φ = 0, which again can be done because these fields transform covariantly, we obtain the following action, up to constant terms:
where there is an implicit summation on a, b ∈ {(0, i √ θ γ), (iξ µ , 0), (0, iξ µ ), (i √ θη µν , 0)}, and F µν = ∂ µ A ν − ∂ ν A µ − i[A µ , A ν ] . We easily recognize the action recently constructed in [11] , [12] and proposed as a candidate for a renormalizable gauge action on Moyal space. When taking Φ = 0 and G µν = 0, we obtain an additional real scalar field action coupled to gauge fields: Note that the scalar field ϕ is in the adjoint representation of the gauge group (4.25a). A part of this action can be interpreted as a Higgs action coupled to gauge fields, with harmonic term "à la Grosse-Wulkenhaar" [10] and a positive potential term built from the -polynomial part involving ϕ. Notice that the gauge fields A µ are already massive (see the last term in (4.31)). Furthermore, the action (4.32) involves a BF-like term ϕΘ −1 µν F µν similar to the one introduced by Slavnov [31] in the simplest noncommutative extension of the Yang-Mills theory on Moyal space. However in the present case the field ϕ is dynamical while in [31] it plays the role of a multiplier with no dynamics. For more details on BF models, see e.g [42] , [43] and references therein.
Discussion
We have shown how to apply the formalism of the section 2 to the ε-graded algebra A • = M θ ⊕ M θ , constructed from the Moyal space. We have chosen in subsection 4.2 a natural ε-Lie algebra g • of ε-derivations, and studied in subsection 4.3 the theory of the resulting ε-connections, constructed from the differential calculus Ω
•,• ε (A|g). Some comments concerning the classical action we considered are in order.
First, it is not surprising that we obtain a Higgs field in this theory as a part of a connection. This was already the case e.g. for spectral triples approach of the Standard Model [3] and for the models stemming from the derivation-based differential calculus of [23] . Notice that a somewhat similar interpretation of covariant coordinates as Higgs fields in the context of gauge theory models on Moyal algebras has been also given in [30] . Notice that an additional BF-like term in (4.32) appears in the present situation. Such a Slavnov term has been shown [31] to improve the IR (and UV) behavior of the following action 33) when the field ϕ is not dynamical [31] . The corresponding impact on the UV/IR mixing of the full action in the present situation remains to be analyzed. In view of the discussion given in subsection 4.2, the grading of the ε-associative algebra A • mimics the Langmann-Szabo duality in the scalar case. As far as the gauge theory built from the square of the curvature is concerned, this is reflected in particular into the action (4.31) (The G µν = Φ = 0 part), which has been found as an effective action [11, 12] . As a consequence, one can view this grading as a generalization of the Langmann-Szabo duality to the scalar and gauge case. Observe that in (4.31), the part ({A µ , A ν } − 34) which can also be seen as the symmetric counterpart of the BF action (4.33), if we interpret G µν as the "symmetric" analog of the BF multiplier Θ −1 µν ϕ. Observe further that the gauge action built from the square of the curvature has a trivial vacuum (and in particular A µ = 0) which avoid therefore the difficult problem [44] to deal with the non trivial vacuum configurations of (4.31) that have been determined in [13] . Notice finally that the gauge action involves as a natural part the Grosse-Wulkenhaar model. This relationship linking the Grosse-Wulkenhaar model with a Langmann-Szabo duality symmetry and a gauge theory model deserves further study that may well reveal so far unexpected classical properties related to mathematical structures underlying these models as well as interesting quantum properties of the gauge action defined on A • . This is currently under study.
